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Dieudonné(1906-1992)

There is hardly any theory which is more elementary [than
linear algebra], in spite of the fact that generations of pro-
fessors and textbook writers have obscured its simplicity
by preposterous calculations with matrices.

Dieudonné, Foundations of Modern Analysis, Vol. 1

Analytical geometry has never
existed. There are only people who
do linear geometry badly, by taking

coordinates, and they call this
analytical geometry. Out with them!

— Jean Dieudonne —
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It turned out, however, that there is a part of mathematics
we both know and like. It is a small subject, not consid-
ered deep. It has, they say, no intrinsic importance; it is
merely a useful tool and an occasional source of examples
in other subjects. Both Jack and | tend to be shamefaced
about admitting we like it; it is a little like admitting that
you read westerns. The subject | am talking about is lin-
ear algebra. Jack and | enjoy finding and sharing puzzles
about matrices. Once we found that out, we found other
common interests and tastes, in food, in walking, in mu-
sic, and in literature, and we enjoy each other's company.
Jack has forgiven me the initial hullabaloo of my Michi-
gan years; anybody who understands and likes the Jordan
canonical form can't be all bad.

Halmos, | Want to be a Mathematician
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Halmos(1916-2006)
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Kaplansky(1917-2006)

We [he and Halmos] share a
philosophy about linear algebra: we
think basis-free, we write basis-free,

but when the chips are down we

close the office door and compute
with matrices like fury.

— Jhwing Koplansky —

AZ QUOTES
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Linear algebra did not really come to be recognized as a
subject until the 1930s. Particularly influential in this pro-
cess were the book of B. L. van der Waerden from 1930
to 1931 and the book of Garrett Birkhoff and Saunders
MacLane of 1941. Both were on "Modern Algebra”, but
included chapters on linear algebra. Historian Jean-Luc
Dorier regards Paul Halmos’ book Finite Dimensional Vec-
tor Spaces, first published in 1942, as the first book about
linear algebra written for undergraduates.

Carl C. Cowen, On the Centrality of Linear Algebra in the
Curriculum
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(BIREREZE)

Undergraduate Texts in Mathematics

Paul R.Halmos
o Finite-Dimensional
Finite Dimensional Vector Vector Spaces

Spaces. (AM-7), Volume 7
Paul R. Halmos

R R —

Series:

Annals of Mathematics Studies
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Kurosh(1908-1971) (EFE(LEEGR) (1946)

Advanced Algebra Course |
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Malcev(1909-1967) AY (L&A CEERL) (1948)
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Gantmacher(1908-1964) BY (*B&EIE) (1953)

Matrix Theory (1)

i1 5 7 S

(] HHDHR X A7 BTR 2
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#3 (1910-2002)
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*BITIR (1938-)
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Gelfand(1913-2009)
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XUTR¥T (1904-1967)
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Jacobson(1910-1999) {Z&IEEL) (1953)

Nathan Jacobson

Lecturesin
Abstract Algebra

Il. Linear Algebra
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E5F5 (1904-1966)
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Mirsky(1918-1983) (ZfHXELS1iE) (1955)
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o1k (1917-1975) (ZtE=ESIL) (1956)
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SKARIm. MR (SZHCED (1957)
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o ENEIE. HIFER (BHE (1961)
o THF (EFEREHN) (1964)

o AN (EENELEPHE) (1966)
o FFLAUE (R&EEF31e) (1966)

o [EMRIE (EFEREL) (1966)
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Artin (1898-1962)

It is my experience that proofs
involving matrices can be shortened
by 50% if one throws the matrices
out.

— Cmil fintin —
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Hoffman—Kunze(1961)

LINEAR ALGEBRA

| HOFFMAN/ RAY KUNZE Se

t%i[

second edition I KENN]

LINEAR
ALGEBRA

KENNETH HOFFMAN
RAY KUNZE

ZREAW

%28
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Strang(1976)

Fourth Edition

LINEAR ALGEBRA

AND ITS APPLICATIONS
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Strang(1993)

LINEAR ALGEBRA
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Strang(1934-)

He made linear algebra fun

A series of numbers describes the career of Professor Gil Strang as he retires
from MIT after six highly influential decades on the faculty.

(5) Watch Video

Sandi Miller | Department of Mathematics
May 31,2023
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HENHENEE

The American Mathematical Monthly

ISSN: 0002-9890 (Print) 1930-0972 (Online) Journal homepage: https://www.tandfonline.com/loi/uamm20

The Fundamental Theorem of Linear Algebra

Gilbert Strang

To cite this article: Gilbert Strang (1993) The Fundamental Theorem of Linear Algebra, The
American Mathematical Monthly, 100:9, 848-855, DOI: 10.1080/00029890.1993.11990500
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doceamus ... let

The Core Ideas in Our
Teaching

Gilbert Strang
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Strang BY=PEFFEIN

@ It is natural to prepare for a class by deciding on a plan. Start
with a question that it is important to answer. What is the
inverse of a matrix and which matrices have inverses?

@ The important point is that in working with simple examples
you are giving the students a chance. The key is to build their
confidence as active users of mathematics. The teacher has to
be saying, in many ways but not in so many words, you can
do it.

o | would like to emphasize the importance of the teacher s
voice.
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The Linear Algebra Curriculum Study Group (1990, 2018)

@ D. Carlson, C. R. Johnson, D. C. Lay, and A. Porter , The
linear algebra curriculum study group recommendations for
the first course in linear algebra, The College Mathematics
Journal 24 (1993), no. 1, 41-46.

o S. Stewart, S. Axler, R. Beezer, E. Boman, M. Catral, G.
Harel, J. McDonald, D. Strong, and M. Wawro, The Linear
Algebra Curriculum Study Group (LACSG 2.0)
Recommendations. Notices of the American Mathematical
Society 69 (2022), no. 5, 813-8109.
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JOURNAL
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Lay RIZH4 (1994)
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. s

Linear Algebra

and Its
Applications

Sixth Edition
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PARZF AR (1997,2002)

Linear Algebra Gems
Assets for Undergraduate Mathematics

Resources for
Teaching
Linear Algebra

David Carlson
Charles R. Johnson
David C. Lay
A. Duane Porter
Ann E. Watkins
William Watkins
Editors

Editors
David Carlson
Charles R. Julmison
David C. Lay
Published by A. Duane Porter
THE MATHEMATICAL ASSOCIATION OF AMERICA ‘
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Table 1. Topics appropriate for a first course.

¢ Systems of linear equations.

* Properties of R". Linear independence, span, bases,
and dimension.

¢ Matrix algebra. Column space, row space, null space.

* Linear maps. Matrices of a linear map with respect to
bases; the advantages of a change of basis that leads
to a simplified matrix and simplified description of
a linear map.

e Matrix multiplication and composition of linear
maps, with motivation and applications.

¢ Invertible matrices and invertible linear maps.

¢ Ligenvalues and eigenvectors.

¢ Determinant of a matrix as the area/volume scaling
factor of the linear map described by the matrix.

¢ The dot product in R”. Orthogonality, orthonormal
bases, Gram-Schmidt process, least squares.

* Symmetric matrices and orthogonal diagonalization.
Singular value dt.(.Ol]]pOSlthﬂ
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Second Coursesin Linear Algebra

A single semester course cannot possibly cover all the
important topics in linear algebra. We recommend that
students planning to pursue a graduate degree in mathe-
matics or a career in any type of quantitative analysis take
at least two courses in linear algebra. Students majoring in
computer science, physics, economics, and other subjects
using mathematical models may also benefit greatly from
two or more courses in linear algebra.

A second course in linear algebra might focus far more
on vector spaces, linear maps, and proofs than a typical
first course that focuses on R", matrices, and computations.
The context for the second course should include complex
vector spaces (and possibly vector spaces over an arbitrary
field) as well as real vector spaces. The following topics (see
Table 2) can be included and explored in depth in a second
course aimed at math majors and other students who want
to learn the powerful tools of linear algebra.
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Table 2. Topics appropriate for a second course.

Abstract vector spaces. Subspaces, linear indepen-
dence, span, bases, and dimension in the context of
abstract vector spaces.

Linear maps between vector spaces; the null space
and range of a linear map. The matrix of a linear map
with respect to a basis; rank and nullity of a matrix.
Invertibility of matrices and linear maps.
Eigenvalues, eigenvectors, and diagonalization.
Matrix factorizations.

Inner product spaces. Orthogonality and orthonor-
mal bases. Gram-Schmidt process for constructing
orthonormal bases.

Orthogonal projections and best approximations.
Upper-triangular matrices with respect to an ortho-
normal basis (Schur’s theorem).

Finite-dimensional spectral theorem. Singular values
and singular value decomposition. Low-rank approx-
imation of linear maps. Pseudo-inverses.
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Axler RIS ZFEIE VAT (1996)

Sheldon Axler

Linear Algebra
Done Right
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Dorier1997 T RIIL IR B bl

On the Teaching
of Linear Algebra

Edited by
Jean-Luc Dorier

JMathematics
Education

Library
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Dorier £ 2002 £E ICM RIS

Teaching Linear Algebra at University

Linear algebra represents

J.-L. Dorier*

Abstract

with calculus, the two main mathematical sub-

jects taught in science universities. However this teaching has always been
difficult. In the last two decades, it became an active area for research works

in mathematics education in several countries. Qur goal is to give a syn-

thetic overvi

w of the main results of these works focusing on the most recent

developments. The main issues we will address concern:

the epistemological specificity of linear algebra and the interaction with
research in history of mathematics

the cognitive flexibility at stake in learning linear algebra

three principles for the teaching of linear algebra as postulated by G.
Harel

the relation between geometry and linear algebra

an original teaching design experimented by M. Rogalski
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@ Israel Kleiner, History of linear algebra, in A History of
Abstract Algebra, Boston, Birkhauser, 2007 .

o L. A. Steen (1973), Highlights in the history of spectral
theory, The American Mathematical Monthly, 80:4, 359-381.
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https://link.springer.com/chapter/10.1007/978-0-8176-4685-1_5

SRR E—E

[ £ ARYEESERS

@ In 1918, in his book Space, Time, Matter, which dealt with
general relativity, Weyl axiomatized finite-dimensional real
vector spaces. The definition appears in the first chapter of
the book, entitled Foundations of Affine Geometry.

@ In his doctoral dissertation of 1920 Banach axiomatized
complete normed vector spaces (now called Banach spaces)
over the reals. The first thirteen axioms are those of a vector
space, in very much a modern spirit.

@ In her 1921 paper “ldeal theory in rings” Emmy Noether
introduced modules, and viewed vector spaces as special cases.

@ We thus see vector spaces arising in three distinct contexts:
geometry, analysis, and algebra. In his 1930 classic text
Modern Algebra van der Waerden has a chapter entitled
Linear Algebra. Here for the first time the term is used in the
sense in which we employ it today.

wWH= HXEMREREN AR



SRR E—E

5 ELEAIA S

e 6 6 o o

1637: Descartes, Fermat, az? + 2bxy + cy2 mEId e
FRER a® + By

1748: Euler T8 Y Zjt. =50 REURIKIE

1759: Lagrange 11187 n Jo_REIHI(K(E

1765: Euler SIAARIE "ZiH"

1827: Jacobi S5 & #FF R BIEIRYE

1829-1830: Cauchy HEBR 7 SE /R BIIHSEEL RAO R
1852: Sylverster IERR T AR RFFILE

1858: Cayley #i3Z 7 F3HEIRAVE LT/

20 tH42H), Hilbert 3INTAKIE "“&" |, FHEEHEERE 2

FHEN TR
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2 1: Birkhoff~Von Neumann TEIBS5HE ES|IE

TEIE (Birkhoff~Von Neumann XEIE)

g VER F ENEEEE, B: Vx Vo F2 V EAEN
B, f518H B(z,y) = 0 EXHWIERKRZREXIFTRH,

B) B(z,y) =0 <= B(y,z) =0, M B EXIFRAVSE RXIFRAT,

518 (KB EES(E)

i B EiF, F FAETAE V ERIN&EHER, FHEXER

B z,y € VEESB B(z,y) = B(y,z) HEB B(z,y) = —B(y, 2),
N B EXIFRAVEL S ISFRAY.

KEBHUISEHEES | SAREFR 7.26 hiH—SH 71X
NER.
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BT REERKRUT, HIAHFRTERT UL HTH
W ER. F—AF R BN ER R SCF SN
FrHelIA, EE-HBUTIA; FAFREEENNF
ALEFHIIA, FELACERTER; FA%EX
REAEXHEETHBMAF, XZRERABTIA.
=Aia, (RAEEmRR)
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= 2: PEFRIREERAZMEAERZ

532 (1 ESITVAPRIIERBED )

B f,....fn € Klo) BRBER, 2 f=fifu
gi:]{,izl,...,n. WEE w, ..., u, € K[2] (F15

o (1 KYf#)

1= w(2)gi(z) + - + tn(2)gn(2). (1)
o (DEIER) WEEM i#j8
ui(2) gi(2)uj(2)g;(z) =0 (mod flz)). (2)
°o (PEES) WBNi=1,....n 8
(ui(2)9i())* = wi(a)gi(z) (mod fx)). (3)
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[RE=EEHSFNETFZIE

R’ VR K EAESE, p,..., P, 2IRFEIR, HE
P +---+P,=E BXi#j84 B PP;=0 W
V::GBZJIHKI%)
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R ERIREIRAI S VAR A

% A Bl K FREZAE VISR, X fe Kd, 18
ker(f) = ker(f(A)) ={ve V: f[A)v=0}.
R fi,.... fo € Klo] RWEE, WERETERIEMSDHE

ker(fy - - - fn) = ker(f1) @ - - - @ ker(fp). (4)
e, W8N i=1,...,n IFE ¢ € K[z] #18
ei(A) = P; (5)

Heh P, 2 (4) PHEFZIFEE ker(f;) AR5, BSL L, ATEY
e; = u;g; NENAS | (1) PHRBIDE, i=1,...,n

WH= HXEMREREN AR



SMREEZE=N

B R WBEAGE, R LA R, R PEER
BEHRT —LAM, DEABHRNEARE, HAHS
B (ERARED, ot —EERRH— N AHR: A
LRNGBEHA D LRE— AR 8 P AT ER
A2

R —
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2% 3. Jordan FREMIEREMFRIFIELE

KB e B AR DA v B B vk A BR R i R 2 o o I A Y
[ 28 o

FEE, (MR (BFETURA)) Fis
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Jordan FRERZSITIERERERIE DK AR

® P, Qe GL,(Fla]) #RE

P(zl, — A)Q = diag(1,...,1,dy,...,d,), (6)
Hrh dy,...,d, € Flz]| BFRERF, #E di|di|--|d,. 18
Q= (..., % &, ..., &), & € Fla)". (7)
BRELHTBNMARETF di(x) NEOHE
di= J[ @@-»m», 1<ig<r (8)
AeSpec(A)

XN A € Spec(A) LAREMER mi(\) #0 R ie {1,...,7},
<

agN\) = (& (= M) e ",  0<j<m(\)—1, (9)
Hep (&, (2 - \)) RASTRARE ¢ FXTF o— ) 9 Taylor B
FRF (- N WEHEE. LA TERSRAL:
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(i) XA A € Spec(A) LARBAMES mi(\) # 0 B9
ic{l,...,r}, A=

{ag(A) 10 <j<my(A) — 1} (10)

TR, FER F* B9— Li-FREF=E W), PRI
EQ@ Lalw,oy B Wi(\) BIENE (7?) THIAEFFA Jordan

A1 0 0
0 A 1 0

Imi(A) =10 .0 (11)
00 0 0 A

(i) F* 2F=E W;(\) NE. NmEE
{ai(A) : A € Spec(4), mi(A) # 0,0 < j< my(N) — 1} (12)
ek Fr —EE, Ly EXBETA Jordan FrEEL.
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wEHLAF. RPN AT RE. mE X WERSFE, 8T
hE, PEEZE-AMKFHNEE, TEHAFEHR L
WAL BT A-RER. oz, XK. (LEEAR). (A
MAZ), (DTEL) F—HAZMEE, EFELF
PAATHFRE TREETREEE, FEEFINR
BiRkK, EREX!

YR
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HRXTAF

o MF=, Hua SIIERENMA, (FFEE), 5 34 5 3 Hf
(2010 &), 39-48.

o MA=. Ein, PEFRIREENETMA, (PREKEAFES
R (BRRIEMR) ), 2023 F 8 B, 5 3255 3 8, 28- 33

o T&ME. MH=. FIFF, M (af, — A) BIFIZHAFEREK A
AOTERLER, (1E15) 55 66 #f, 2023 4, 5-14. TSR
L& BZIMAYTETT Construction of Bases for Rational and
Jordan Canonical Forms.

o MR, &MREEET=N, (BHERE), B3I7EH 4
HB (2013 &), 65-83.
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https://web.math.sinica.edu.tw/math_media/d343/34304.pdf
http://staff.ustc.edu.cn/~mathsu01/pu/waming.html##content66
https://www.math.pku.edu.cn/teachers/anjp/canonical_forms.pdf
https://www.math.pku.edu.cn/teachers/anjp/canonical_forms.pdf
https://web.math.sinica.edu.tw/math_media/d374/37406.pdf

SMREEZE=N

AANKRTEHFAHAIRS

o MEIREREINE

o EWHIEERE 1: FIEAR

o EWHNEZERE 3: LRAMEBMUDHTE

o EWRIEIZRYIHEE 1. B

o EWHIEZRTIHEE 2: 2N

o EWRIEZRYIHEE 3. HIEAR

o EWHIEIZRTIHEE 4. hERIRER

o EWHIEFRIIHRE 5: WMPBFE5ELEF
o EWHIBIZRTIHEE 6: MEZTERY LA

o EWHIEIFZFIFHEE 7: Hurwitz—Radon f8fE/572
o EWHIBFERTIHEE 8: M 2 BIERAIIR

o MFAD SEMREEFHRIM S B

o Abel-Galois ARJZRIREK

o BERHETEHREZF

o $HIFEIFHIWIEEIRS Jordan tEER
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o RUSMIVEIRBISHSINEEE "SFNH 5 "&HNK
' REERE T RIS MRS,

o RUBHEMAFEF SHTE B RSHIE MRIRE B!

o RUSIBRNERNEBIMTESE. BARSSEH
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